Abstract. In this paper a further study is made of H-signatures of hermitian forms, introduced previously by the authors. It is shown that a tuple of reference forms H may be replaced by a single form and that the H-signature is invariant under Morita equivalence of algebras with involution. The "prime ideals" of the Witt group are studied, obtaining results that are analogues of the classification of prime ideals of the Witt ring by Harrison and Lorenz-Leicht. It follows that H-signatures canonically correspond to morphisms into the integers.
Introduction
Let F be a formally real field and let (A, σ) be an F-algebra with involution. In [1] the notion of H-signature sign H P h of a hermitian form h over (A, σ) with respect to an ordering P on F is defined. This is a refinement of the definition of signature sign P h in [3] . Both signatures are defined via scalar extension to a real closure F P of F at P, followed by an application of Morita theory, which reduces the computation to what essentially is the case of classical signatures of quadratic forms.
Pfister's local-global principle holds for both signatures since sign P h = 0 if and only if sign H P h = 0, see [13] , and the Knebusch trace formula holds for H-signatures, see [1] .
Both sign H P and sign P should be considered as relative invariants of forms in the sense that knowledge about the non-triviality of the signature of some fixed reference form(s) is needed in order to compute the signature of an arbitrary form. In [3] this reference form is taken to be the unit form 1 σ . As was demonstrated in [1, 3.11] , sign P 1 σ = 0 whenever σ becomes hyperbolic over the extended algebra (A⊗ F F P , σ⊗ id) and thus 1 σ cannot be used as a reference form in this case. In [1, 6.4 ] the existence of a finite tuple H of reference forms was established that does not suffer from this problem.
After recalling some definitions and properties, we show in this paper that the tuple H can be replaced by just one reference form that has non-zero H-signature with respect to all relevant orderings on F. In the remainder of the paper we show that H-signatures are invariant under Morita equivalence of F-algebras with involution and we study the "prime ideals" of the Witt group W(A, σ), obtaining results that are analogues of the classification of prime ideals of the Witt ring W(F) by Harrison [7] and Lorenz-Leicht [15] . As a consequence we show that H-signatures are a canonical notion in the sense that they can be identified with a natural set of morphisms from W(A, σ) to Z.
Notation
We give a brief overview of the notation we use and refer to the standard references [9] , [10] , [11] and [18] as well as to [1] for the details.
Let F be a field of characteristic different from 2. We write W(F) for the Witt ring of Witt equivalence classes of quadratic forms over F and I(F) for its fundamental ideal.
By an F-algebra with involution we mean a pair (A, σ) where A is a finite-dimensional F-algebra, whose centre Z(A) satisfies [Z(A) : F] =: κ ≤ 2, and which is assumed to be either simple (if Z(A) is a field) or a direct product of two simple algebras (if Z(A) = F × F) and σ : A → A is an F-linear involution. Let Sym(A, σ) = {a ∈ A | σ(a) = a} and Sym(A, σ) × = Sym(A, σ) ∩ A × denote the set of symmetric elements and the set of invertible symmetric elements in A with respect to σ, respectively. When κ = 1, we say that σ is of the first kind. When κ = 2, we say that σ is of the second kind (or unitary). Assume κ = 1 and dim
For ε ∈ {−1, 1} we write W ε (A, σ) for the Witt group of Witt equivalence classes of ε-hermitian forms h : M × M → A, defined on finitely generated right A-modules M. All forms in this paper are assumed to be non-singular and are identified with their Witt equivalence classes, unless indicated otherwise. We write + for the sum in both W(F) and W ε (A, σ). The group W ε (A, σ) is a W(F)-module and we denote the product of q ∈ W(F) and h ∈ W ε (A, σ) by q · h.
From the structure theory of F-algebras with involution it follows that A is isomorphic to a full matrix algebra M n (D) for a unique n ∈ N and an F-division algebra D (unique up to isomorphism), equipped with an involution ϑ of the same kind as σ. Then (A, σ) and (D, ϑ) are Morita equivalent, which yields a (non-canonical) isomorphism W ε (A, σ) W εµ (D, ϑ) where µ ∈ {−1, 1}. For the purpose of this paper (the study of signatures) and without loss of generality we may assume that ε = µ = 1, cf. [1, 2.1] and thus only consider hermitian forms over (A, σ). For ℓ ∈ N, diagonal forms on the free A-module A ℓ are denoted by a 1 , . . . , a ℓ σ with a 1 , . . . , a ℓ ∈ Sym(A, σ) × . We call ℓ the dimension of the form. Note that the rank of this form is equal to ℓn and that its dimension may not be invariant under Morita equivalence. If A is a division algebra, all hermitian forms can be expressed up to isometry in diagonal form and rank and dimension are equal.
Assume now that F is a formally real field with space of orderings X F . Let P ∈ X F , let F P denote a real closure of F at P and consider
where the first map is induced by scalar extension, the second map is the isomorphism of W(F P )-modules induced by Morita equivalence and • sign P is the classical signature isomorphism if ε = 1 and (D P , ϑ P ) ∈ {(F, id), (F( √ −1), −), ((−1, −1) F P , −)} (where − denotes conjugation and quaternion conjugation, respectively); 
and is independent of the choice of F P (by [1, 3.3] ).
If we choose a different Morita map M ′ in (1), then sign Proof. Let P ∈ X F . Then some form in W(A, σ) has non-zero H-signature at P. Therefore some form h P of rank one has non-zero H-signature at P, since W(A, σ) is generated additively by forms of rank one. Thus Note that if h 0 is such that sign H P h 0 0 for every P ∈ X F , then h 0 is a reference form and sign (h 0 ) P h 0 > 0 for every P ∈ X F . We remark that (2.5) is slightly more general than [1, 3.9] , where the definition was given only for reference tuples consisting of diagonal forms of dimension one. In the next section we will show that any tuple H of reference forms over (A, σ) can be replaced by just one reference form h 0 such that sign
We finish this section by listing some properties of H-signatures:
is continuous. (v) (Pfister's local-global principle) Let h ∈ W(A, σ). Then h is a torsion form if and only if sign
H P h = 0 for all P ∈ X F . (vi) (Going-up) Let h ∈ W(A, σ) and let L/F be an algebraic extension of ordered fields. Then sign H⊗L Q (h ⊗ L) = sign H Q∩F h for all Q ∈ X L . (vii) (Going-down: Knebusch trace formula) Let L/F
be a finite extension of ordered fields and assume P
where Tr where L Q is a real closure of L at Q and therefore a real closure of F at P.
A Reference Tuple of Length One
We equip X F with the Harrison topology and Z and {−1, 1} each with the discrete topology.
Lemma 3.1. Let H be any tuple of reference forms over (A, σ), let h 1 , . . . , h ℓ be hermitian forms over (A, σ) and let
Then there exists a hermitian form h over
Proof. By induction on ℓ. The case ℓ = 1 is clear. Assume that ℓ > 1 and let
. Thus, by [11, VIII, 6 .10] there exists a quadratic form q over
Let P ∈ V. We have to consider two cases:
Then sign H P h ′ = 0 and sign P q 0. We also have sign
For the reverse inclusion, let P ∈ X F be such that sign
. . , h s ) be a tuple of reference forms over (A, σ). There exists a hermitian form h
and by (3.1) there exists a hermitian form h ′ over (A, σ) such that sign
The function f : X F → Z defined by f = 1 on S and f = −1 on T is continuous, so by [11, VIII, 6.9] there exists a quadratic form q over F such that sign q > 0 on S and sign q < 0 on T . Let h 0 = q · h ′ . Then sign H P h 0 > 0 for every P ∈ X F . The forms h 1 , . . . , h s in (2.3) are diagonal. Thus the form h 0 in (3.2) can also be chosen to be diagonal, which can be seen from the proof of (3.1).
Proposition 3.3. Let H be a tuple of reference forms over (A, σ).
(
′ be another tuple of reference forms over (A, σ). There exists a continuous map f from X F to {−1, 1} such that sign
Considering that, for a given P ∈ X F , sign H P is a special case of sign M P , the definition of sign (h 0 ) P h given in (2.5) can be expressed as follows:
which proves the result.
(ii) By (i) there exists h 0 ∈ W(A, σ) such that sign (h 0 ) = sign H with sign H P h 0 > 0 for every P ∈ X F . By [11, VIII, 6.9] there exists a quadratic form q over F such that sign q > 0 on f −1 (1) and sign q < 0 on f
, where sgn denotes the sign function. Define f :
Then f is continuous and sign 
Behaviour under Morita Equivalence
commutes. Here µ = −1 if σ and τ are of the first kind and opposite type and µ = 1 otherwise. 
We thus obtain isomorphisms of Falgebras with involution (cf. loc. sit.
are µ-hermitian forms over (B, τ) and (B ⊗ F L, τ ⊗ id), respectively, and where in fact
where
. It follows from a straightforward computation that
and we conclude that the diagram (2) commutes. 
there is nothing to prove. Thus assume that P ∈ X F . By (3.3) we may assume that H = (h 0 ). Then (4.1) gives a Morita equivalence of (A P , σ P ) := (A ⊗ F F P , σ ⊗ id) and (B P , τ P ) := (B ⊗ F F P , τ ⊗ id) such that the induced isomorphism ξ :
(where the vertical arrows are the canonical restriction maps) commute. Now (A P , σ P ) is Morita equivalent to an F-algebra with involution (D P , ϑ P ) as in (1) (with ε = 1 since P Nil[A, σ]) and we have an induced isomorphism
Hence (B P , τ P ) is Morita equivalent to (D P , ϑ P ) via the equivalences that induce ξ −1
and M 1 and we obtain an induced isomorphism
It follows that the diagram
m-Ideals of Modules
Let (A, σ) be an F-algebra with involution. We want to mimic the well-known classification of all prime ideals of W(F) in terms of the kernels of the signature maps. We take some moments to look at the properties of ker sign An m-ideal (I, N) of M is prime if I is a prime ideal of R (we assume that all prime ideals are proper), N is a proper submodule of M, and for every r ∈ R and m ∈ M, r · m ∈ N implies that r ∈ I or m ∈ N.
Example 5.2. The pair (ker sign P , ker sign H P ) is a prime m-ideal of the W(F)-module W(A, σ) whenever
The following lemma is immediate. 
Lemma 5.3. Let (I, N) be a prime m-ideal of the R-module M. Then I
= {r ∈ R | rM ⊆ N}.
Lemma 5.7. Let (I, N) be an m-ideal of the R-module M. Then M/N is canonically an R/I-module, where the product is defined by (r
+ I) · (m + N) = r · m + N.
Lemma 5.8. Let (I, N) be an m-ideal of the R-module M, and let ϕ : R → R/I and ψ : M → M/N be the canonical projections. Then (ϕ, ψ) is an (R, R/I)-morphism of modules. Furthermore, (I, N) is prime if and only if R/I {0} and M/N is a non-zero torsion-free R/I-module.
Definition 5.9. Let (ϕ, ψ 1 ) and (ϕ, ψ 2 ) be (R, S )-morphisms of modules from M to N 1 and N 2 repectively. We say that (ϕ, ψ 1 ) and (ϕ, ψ 2 ) are equivalent if there is an isomorphism of Im ϕ-modules ϑ : Im ψ 1 → Im ψ 2 such that ψ 2 = ϑ • ψ 1 .
Classification of Prime m-Ideals of W(A, σ)

Let (I, N) be a prime m-ideal of the W(F)-module W(A, σ). By classical results of
Harrison [7] and Lorenz-Leicht [15] on W(F), cf. [11, VIII, 7.5] , there are only three possibilities for I:
(1) I = ker sign P for some P ∈ X F ; (2) I = ker(π p • sign P ) for some P ∈ X F and prime p > 2, where π p : Z → Z/pZ is the canonical projection; (3) I = I(F), in which case I = ker(π 2 • sign P ) for any P ∈ X F . In this section we will investigate in how far I determines N. In the first two cases (when 2 I) N is uniquely determined by I, but in the third case (when 2 ∈ I) this is not so. We prove three auxiliary results first. Proof. Let U = (sign H h) −1 (0). The set U is clopen in X F since the total signature map sign H h is continuous [1, 7.2] . Hence the function χ U : X F → Z defined by χ U = 1 on U and χ U = 0 on X F \ U is continuous and there are n ∈ N 0 and q ∈ W(F) such that sign q = 2 n χ U , cf. [11, VIII, 6 .10]. It follows that sign , σ) , Z). Then there exists a unique P ∈ X F such that f = sign P and ker sign
Lemma 6.1. Let P ∈ X F and let h ∈ W(A, σ) be such that sign
Proof. The morphism of rings f : W(F) → Z is completely determined by P := {a ∈ F × | f ( a ) = 1} ∪ {0}, which is an ordering of F (follow for instance the proof of [11, VIII, 3.4(2)]). Therefore f = sign P . Let h ∈ ker sign H P . By (6.1) there exists n ∈ N 0 and q ∈ W(F) such that sign P q = 2 n and q · h ∈ W(A, σ) t . Since f = sign P , we obtain f (q) 0 and since g has values in Z (which is torsion-free), we have 0 = g(q · h) = f (q) · g (h) , which implies g(h) = 0. Therefore ker sign Proof. Since I is a prime ideal of W(F) we only need to check that for q ∈ W(F) and h ∈ W(A, σ) such that q · h ∈ N we have q ∈ I or h ∈ N. Assume that q I. Since W(F)/I is a field, q is invertible modulo I, i.e. there exists q ′ ∈ W(F) such that
The case 2 I. (I, N) be a prime m-ideal of the W(F)-module W(A, σ) 
Lemma 6.4. Let
Proof. Let h ∈ W(A, σ) t . Then there exists n ∈ N such that 0 = 2 n · h by [17, 5.1]. Since 0 ∈ N, this implies 2 n ∈ I or h ∈ N. Since 2 I, we obtain h ∈ N.
Proposition 6.5. Let (I, N) be a prime m-ideal of the W(F)-module W(A, σ) with 2 I. Then one of the following holds:
(i) There exists P ∈ X F such that (I, N) = (ker sign P , ker sign H P ). (ii) There exist P ∈ X F and a prime p > 2 such that
Proof. We first observe that the ordering P we are looking for cannot be in Nil[A, σ], since N is a proper submodule of W(A, σ).
We denote by ϕ : W(F) → W(F)/I and ψ : W(A, σ) → W(A, σ)/N the canonical projections. By (5.8), Im ψ is a torsion-free Im ϕ-module, where the product is given by ϕ(q) · ψ(h) = ψ(q · h) for q ∈ W(F) and h ∈ W(A, σ).
We consider the different possibilities for I = ker ϕ. By the classification of prime ideals of W(F) there is a P ∈ X F such that ker sign P ⊆ I. Let h ∈ ker sign H P . By (6.1) there exists n ∈ N 0 and q ∈ W(F) such that sign P q = 2 n and q · h ∈ W(A, σ) t . Since W(A, σ) t ⊆ N by (6.4) we obtain 0 = ψ(q · h) = ϕ(q) · ψ(h). But we know that I = ker sign P or I = ker(π p • sign P ) for some prime p > 2. Since sign P (q) = 2 n and p > 2, we obtain that q I = ker ϕ. Thus ϕ(q) · ψ(h) = 0 implies ψ(h) = 0 by (5.8). Therefore ker sign H P ⊆ N. We now consider the two possibilities for ϕ: (i) ker ϕ = ker sign P . Then Im ϕ Z is a torsion-free abelian group, and it follows from (5.8) that Im ψ is a torsion-free abelian group. Using ker sign (ii) ker ϕ = ker(π p • sign P ). Then Im ϕ is a field with p elements and Im ψ W(A, σ)/N is an Im ϕ-vector space. In particular, for every h ∈ W(A, σ), we have that p · h ∈ N. Since we also have ker sign
Consider an arbitrary element p · h + h 0 ∈ N 0 with h ∈ W(A, σ) and h 0 ∈ ker sign Proof. Since the rank is invariant under Morita equivalence, we may assume that A is a division algebra, in which case the result follows immediately from the fact that a σ = b σ mod I(A, σ) for every a, b ∈ Sym(A, σ) × .
Proposition 6.7. A pair (I(F), N) is a prime m-ideal of W(A, σ) if and only if N is a proper submodule of W(A, σ) with I(F)
Proof. Take p = 2 in (6.3).
We thus see that in contrast to the 2 I case, N is not uniquely determined by I, since there are in general several proper submodules N of W(A, σ) containing I(F) · W(A, σ). Obviously one such submodule is I(F) · W(A, σ) itself, and I(A, σ) is another one. The following example shows that in general these modules are distinct.
Example 6.8. Let F = R((x))((y)) be the iterated Laurent series field in the unknowns x and y over the field of real numbers. Let D = (x, y) F be the quaternion algebra with F-basis (1, i, j, k) such that i 2 = x, j 2 = y and i j = k = − ji. Let σ be the orthogonal involution on D that sends i to −i and that fixes the other basis elements. Let v : F → Z × Z be the standard (x, y)-adic valuation on F (see for instance [19, Chapter 3] ). Note that F is Henselian with respect to v. An application of Springer's theorem shows that the norm form 1, −x, −y, xy of D is anisotropic (we obtain four residue forms of dimension 1 over R, that are necessarily anisotropic). Hence D is a division algebra, cf. [11, III, 4.8] .
Since F is Henselian, the valuation v extends uniquely to a valuation on D (see [16, Thm. 2] ), which we also denote by v. We now claim that the residue division algebra D is isomorphic to R. The proof of this claim goes as follows: We first compute Γ D . ), (
) , corresponding to the set of uniformizers {1, j, k}, and by [12, Thm. 3.7] we obtain that
where the first isomorphim is obtained by computing the residue forms corresponding to the three uniformizers. We use this description of W(D, σ) to compute I(F) · W(D, σ). Since I(F) is additively generated by the forms 1, a for a ∈ F × and W(D, σ) is additively generated by the diagonal forms of dimension one (since D is division), we only have to consider the forms 1, Since there may be several proper submodules of W(A, σ) containing I(F)·W(A, σ), it is interesting to see if one of these submodules can be singled out by some natural property.
In the remainder of this section we distinguish between hermitian forms h over (A, σ) and their classes [h] in W(A, σ) . By the structure theory of F-algebras with involution and Morita theory, there exist n ∈ N and an F-division algebra with in-
. Since rank modulo 2 is a Witt class invariant and since we will examine forms of even rank we may also assume for convenience of notation that (A, σ) = (M n (D), − t ). For a ∈ Sym(D, −) × we define the hermitian form
(where x and y are considered as 1 × n matrices), which is of rank one over (A, σ). Let ξ be the bijection between hermitian forms over (A, σ) and hermitian forms over (D, −) induced by Morita equivalence, as described in [14] . Then ξ(h a ) = a − . For every a ∈ Sym(D, −) × we define a set of hermitian forms over (A, σ) by Proof. Let N := ker τ, and let h ∈ W(A, σ) be such that τ(h) = 1. Then W(A, σ) = Z · h + N, and ρ(W(A, σ)) = Z · ρ(h). Since ρ is surjective we obtain ρ(h) = ε ∈ {−1, 1}. So for h ′ = k · h + n with k ∈ N 0 and n ∈ N, we have τ(h ′ ) = k and ρ(h ′ ) = εk. As a consequence we obtain that H-signatures can be canonically identified with equivalence classes of (W(F), Z)-morphisms from W(A, σ) to Z, more precisely: Proposition 7.3. There is a bijection between the pairs (sign P , sign .2) we know that this map is surjective, and it is injective since assuming (sign P , sign H P )/∼ = (sign Q , sign H Q )/∼ implies sign P = sign Q , and thus P = Q.
